We investigate the effect of the redshift drift in strong gravitational lensing. The redshift drift produces a time variation of i) the apparent position of a lensed source and ii) the time delay among incoming signals from different images. We dub these effects as angular drift and time delay drift, respectively, and analyze their relevance in cosmology.
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This exciting perspective has recently raised some interest in the redshift drift. In particular, the authors of Ref. [27] calculate the second time derivative of the redshift, which is related to the jerk parameter, and the author of Ref. [29] proposes the measurement of the redshift drift as a definitive test for R h = ct cosmology, for which the redshift drift is vanishing.
In this paper we analyze how the redshift drift manifests itself in strong gravitational lensing, providing two extra ways, beyond spectroscopy, of determining the value of the Hubble parameter at the lens redshift. In particular, these are: i) the drift of the apparent angular position of a lensed source and ii) the drift of the time delay among incoming signals from multiple images of a lensed source. We consider the simple case of a pointlike lens and show that both the drifts are proportional * oliver.piattella@pq.cnpq.br † leonardo.giani@aluno.ufes.br 1 http://www.hires-eelt.org
, where z L is the lens redshift and H L is the Hubble parameter evaluated at z L . The measure of such drifts, especially the angular one, seems to be unfeasible at present time, but it might be an interesting observational challenge for the future. The paper is divided as follows. We present the basic equations governing the redshift drift in Sec. II. In Secs. III and IV we calculate the drifts of the image angle and of the time delay. Finally, Sec. V is devoted to our discussion and conclusions. We use c = 1 units throughout the paper.
II. THE REDSHIFT DRIFT
From the FLRW metric
with
where K is the spatial curvature, one straightforwardly obtains the result that a photon is redshifted, and the redshift is given in terms of the scale factor as follows:
where a 0 is the scale factor evaluated at present time (which is the time of observation) and a e is the scale factor evaluated at the emission time.
The derivative of the redshift with respect to the observation time t 0 is the following:
From the FLRW metric (1) it is not difficult to show that:
and therefore, the redshift drift formula (4) becomes:
where the Hubble constant H 0 and the Hubble parameter H(z) have appeared. Measuring dz/dt 0 would allow to determine H(z), thereby providing precious informations on the energy content of the universe.
In the next sections we shall obtain formulae similar to the one in Eq. (6), but in the context of strong gravitational lensing.
III. ANGULAR DRIFT
Let's consider the lens equation in the thin-lens approximation [30] :
where θ 0 is the angular position of the image, θ S is the angular position of the source, M is the lens mass and with d we denote angular-diameter distances. In Fig. 1 we display the lensing scheme. In particular, the angular-diameter distance to the source is written as:
with χ S the comoving distance to the source, a S is the scale factor at the emission time and z S = 1/a S − 1 is the redshift of the source. Similarly, the angular-diameter distance between the lens and the source is the following:
and the angular-diameter distance to the lens is the following:
with χ L being the comoving distance to the lens and z L the redshift of the lens. With these definitions, let's rewrite the lens equation as follows:
where θ E is the Einstein ring radius, if θ S = 0. From the first part of the the above equation we have the following two solutions for θ 0 :
i.e. two solutions θ ± for the images, given the high symmetry of a point-like lens. Combining the two solutions, we get:
where notice that θ − is negative. Notice also that θ S is time-independent because the Hubble flow moves lens and source radially with respect to the observer (us), thereby leaving θ S unchanged, i.e. dθ S /dt 0 = 0 and thus dθ + /dt 0 = −dθ − /dt 0 . The time derivatives of the observed angles are thus directly related to the time derivative of θ E as follows, using Eq. (13):
We can eliminate θ − or θ + from the above equation, by using again Eq. (13), and obtain:
Having established this correspondence between the two derivatives, we now proceed with the calculations of the time drift of θ E . Since the comoving distance is timeindependent, the derivative with respect to the observer time of the Einstein radius is the following, from Eq. (11):
Using Eq. (6), one can write the relative variation of the angle θ E in the following form:
Not unexpectedly, this formula is very similar to the one in Eq.
, we expect the Einstein radius to shrink. This is the case for a matter-dominated universe, for example.
IV. TIME DELAY DRIFT
The time-delay is usually divided into a geometric contribution and a potential one [30] . The former is due to the bending of the trajectory of the photon, whereas the latter is due to the motion into the lens gravitational field.
The geometric time delay for a single image is given by:
This formula, being purely geometric, does not depend on the particular density profile of the lens. For a pointlike lens, using Eq. (11), we can cast it as:
The interesting quantity is of course the difference in the geometric time delays of the two images, i.e.
which, using Eqs. (7) and (18), can be written as:
Its logarithmic time-derivative is, using Eqs. (6), (15) and (17):
Again, between parenthesis we have the same factor as in Eq. (17) . It is multiplied by a combination of angles which is always less than 1/4, being however this value correspondent to the case of an Einstein ring, for which ∆ geom = 0.
The potential time delay is a local effect related to the lens gravitational potential. It can be written as:
where f (b) is a function which depends on integrals of the gravitational potential and b is the impact parameter [30] . The explicit expression of f is quite cumbersome, so we do not report it here. What is important is that for a point-like lens, the relative potential time delay can be expressed as follows:
where the minus sign in the logarithm comes from the fact that θ − < 0. By differentiation we straightforwardly obtain:
Using Eqs. (15) and (17), we can cast the above relation as follows:
The logarithm is vanishing for θ + = −θ − , which is the case of an Einstein ring and therefore no time delay exists. It must be said that one cannot disentangle the geometric from the potential delay and both are of order GM . On the other hand, as we have explicitly calculated above, the two time delays drift in different manners. Therefore, it might be possible to distinguish one from the other if the drift was dominated by one of the two, which is not the case for the point-like lens that we have considered here.
The total time delay between the two images is thus ∆ ≡ ∆ geom + ∆ pot and its drift:
, (27) where the angular contribution on the right hand side is of order unity.
V. DISCUSSION AND CONCLUSIONS
The Hubble flow should manifest itself in a time drift of the redshift of a source. In this paper, we have explored other two possible indications of the Hubble flow, in the context of strong gravitational lensing. These are the time drift of the apparent angular position of a lensed source, or angular drift, and the drift in the delay of the arrival times of the signals coming from two different images, or time delay drift.
As we have computed for the simple case of a point-like lens, the entity of these variations is
cf. Eqs. (17) and (27) . Therefore, measuring an angular drift or a time delay drift would make it possible to determine the value of the Hubble parameter evaluated at the lens redshift, i.e. H L . As we mentioned in the Introduction, the measurement of the redshift drift through spectroscopy seems to require observation times of the order of 10 years, so what about the angular and time delay drift? Let's make a crude estimate by using data that can be found in Ref. [31] . Consider the object QSO0957+561, at redshift z S = 1.41 which displays two images separated by 6.1 ′′ as it is lensed by a cluster at z L = 0.36. The timedelay is 417 ± 3 days (with 95% confidence level). Since H 0 ≈ 10 −18 s −1 , then the angular drift would be of dθ E dt 0 ∼ 10 −10 arc seconds per year ,
which is certainly something very difficult to measure since, in order to arrive to a signal of 0.1 arc seconds (of the same order of the precision of the measurement) one should need 10 9 years.
For the time delay drift one has: d∆ dt 0 ∼ 10 −3 seconds per year ,
so that, in order to accumulate a drift of the order of the day, one should need 10 8 years. These huge numbers do not make the observation of the drifts viable, but still they might be an interesting observational challenge for the future for decade-long monitoring programs of lensed quasars, such as COSMOGRAIL.
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